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B1E

Dirac FERXDEH

INE VKRGS B IS L (V +ie/2h(B x x))? = V2 +ie/M(B x z)- V. (V(B xz) =0, B 3MEH)
DT, KRV +ie/hB - (x x V) TAEBIRIITL 3,



B2E

Dirac AEETXD Lorentz 1

) {
Py

34

STHA)oH S(A) = A¥, AP ot DFEI = (2.16) & (2.23) 25 HE .



BIE

yITHICET S EXRTEE, H1I7IRR

WD, O¥E (1)~((5) HEHFDOAEVIET % Pauli fI5lIEXOATELE5NS ¢

I 5l 175l
o (I 0 . (0 o
T=\o -1) 7 —oi 0
L T 1751
fl = Ia f? = ’707
f‘3 = i717 f‘4 = i’727 f5 = i’ygv
I's=—7"", I7 =2, T = —%3,
Ly = in'o?, 1o = ir*7?, T =iy,
15 = i7°y'%?, T3 =79,
Tia = —in%y%, Ti5 = —iv"y'y%, Ti6 = —iv%y'?,

##EZ 5. TATHNCOBTRD X9 2 WEAH Y 7

1. &TOnicKL (T,)? =1

2. BTD n,m IKHNL Tyl = Eumlt £85I = Ly DEEL, &um € {£1,£i}. n # m & 513
Lom # 1. 512, Lpm OFATICIE1,...16 231 I OHET 3,

3. I'wDyn = 20,0

4. n# I LT 0 = —Tly &% m BEET 5,

5. m# LICHLT Tr(T,) =0,



python Ta— F*1z2HOCiELrD 5. £7, &

1 1 1 1 1 1 1 1 1 1

1 1 - —t —i +i +i +i -1 -1

1 4+ 1 4t - - -1 -1 -z -1

1 4¢ - 1 4+ 1 - =1 4+ —1

1 +¢ +¢ — 1 1 1 - -1 +4

1 — +i 1 1 1 4+ —i — -1

1 - -1 4+ 1 =i 1 +i +i —1

1 - -1 -1 4+ +i - 1 =1 +i

&= 1 -1 +¢ —¢ -1 +¢ — -1 1 +3

1 -1 -1 +¢ - -1 42 - = 1

1 1 - -1 47 —i -1 +i +i —1

1 - +i - + -1 -1 -1 -1 -1

1 4 -1 -1 -1 —¢ 4+ —-i -1 -1

1 -1 - -1 1 4 1 -1 +: -1

1 1 -1 +¢ 1 1 - -1 —i 43

i -1 -1 1 - 1 -1 +i -1 —1
&%, L%

1 2 3 4 5 6 7 8 9 10

2 1 6 7 8 3 4 5 16 14

3 6 1 9 11 2 16 15 4 13

4 7 9 1 10 16 2 14 3 5

5 8 11 10 1 15 14 2 13 4

6 3 2 16 15 1 9 11 7 12

7T 4 16 2 14 9 1 10 6 8

I 8 5 15 14 2 11 10 1 12 7

9 16 4 3 13 7 6 12 1 11

10 14 13 5 4 12 8 7 11 1

1 15 5 13 3 8 12 6 10 9

12 13 14 15 16 10 11 9 &8 6

13 12 10 11 9 14 15 16 5 3

14 10 12 8 7 13 5 4 15 2

15 11 8 12 6 5 13 3 14 16

6 9 7 6 12 4 3 13 2 15

*1 https://github.com/Hogemura/python_calc/blob/master/gamma.py
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EA4E
Dirac FIEX DE&

W(4.17) HEERI TO4IGHEERIE cp, ICH-5T3, ELGHETURVY (2L F—Lil#IRD A),
YOS(A)TA0 = S~1(A) (2.45).

W(4.70) (4.6)(4.11) (u & w(p) DHIEIZ (4.28) D513

W(4.73) (4.70) LEER. ¢ = S(A)w*(0) exp(—iespyazt/h). AHKFOEH T p = (0,0,hk) DT
(4.11) 26EF 5 S(A) D (1,2) K31E chko?/(E +mc?). w®(0) IZ2WTESHIZIEZ R L ¥ — ki 1%
EATOLEDT (A.73) TE w(0). (4.74) TEREEDT p = (0,0, —hk). %1 EIE 2 EYEADT w(0),
F2HIZAE YAZDOT w?(0).

W(4.81) MERWILIE p.29 DRBE S NADS 1 = iyt = iy = piy0y%ary = cplary,
by = b =0 RATREREHT 2013 o3 7217,



BHE

Dirac FEETN D FFHERTERAVIEFR

W(5.10) (1.10) 213

DT
v=3 ey =30 (g, 0 0
B (Ipl0)? | (IplO)* 0 % (Iplo)  (Ipl0)® | (Ipl0)®
1[1 T R B TR 3 s
||
Ba-p
= cos(lplo) + = P sin(|pl0).

M(5.11) cos DJild
cos(|p|0)(ca - p + Bmc?) = (ca - p + Bmc?) cos(|p|h).

sin i B(a-p) = —(a-p)BfHisT

fa-p
|p|

%DT (5.11) TeH = —He' 1% 5,

sin(|p|6)(cac - p + Bmc?) = —(ca - p + fmc?) BT; P sin(|p|0)




B6E

KEREREF

M(6.11) HFAYrAEEE O ESHAESREOGMK, EMHICHEC L Cx (1,000 Y mo1/+ D x(0,1)®
Yim+1/2. C,D & Clebsh - Gordon DX TR % 5. JJSakurai(3.8.64) &2,

M(6.32) —1/2 Fx 3R F CEH.
W(6.42) OWBHEAMEKED 1 2O TR &> TH 3,

W(6.46) 010xr ! ALVERENEL 22D, 1s%2EZTE06. 2Fh, EHBEEDELERNKZO T,
zy/rd I T (FT 20 MOILES0I1Ck5.

6.1 OETEEH
BT Hs Z DJRTNICHERET 38D Dirac /iR

(—ihca -V + Bmec? — kOZ:Q) = Ev [6.1]

ThHALNS, AfdEBiRO 2 J?, J,, WolfETED 2 L° OFEAREIE, =1+ 1/21GLT

ity 1 By s
2 —3m—3 - 2j+2 “Jtzm—3
i ( L 2),@$=( L 6.2]

-

<pj T j—m o L _ j+m+1 o .
2j ti—5m—3 2j+2 “Jjtz.m+t3

THExon,

(+) (=)

Oy =0 -TQj,, T =

T

o
DALY %, BRI Vi, D% F 413 (=) DT, THs DD F 413 z0zhn (—1)7-1/2
(=12 shz o0, 1,288 3, 4R L) F 4 ZEOAE ) VIZRDFRICHKTE 3 ¢

iGi12,(r) iGiy1y2,4(r) (o
gm Fi_1)25(r) (o | 7im Fiviy25(r) (4 '
r Sajm r jm
L= F 1200, o) 13j=1+1/2Th2 ¢\}), j=1-1/2Th3 o) 2RI RuKHT UL
iGi(r)
o _ rram 6.4
wjm - Fl ) . [ . ]

jm

i)
(o Ty
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(0 a)(ob) = (a-b)] +ic - (a xb) &M,

(0 ) ()l = (o -#)(a 7)o p)f(r)eim,

"f(r p+io - D)f(r)el),

" [ dj;i) {1¢<j+;>}f( )} O

(0 p)(o - ) ()l = - ~(r-p—io-L)f(r)ef),

s
E%5DT, [6.4] % [6.1] IKfRALT

(f )Gm )= - dFlaU;(H;) £
(fc h + 2 )Fm() dG(liJr() (j+;> GU}«(T)'

2

=4/1 e ?*(Fy(p) + Fa(p))
F(r) =4/1 mecge “PR(Fi(p) — Fa(p))
12X 5T Fi(p) & Falp) 28T 5. WF 1,5 AT 5. [6.5] 1< [6.8]6.9] AL T
<T;EC -y 2sz0‘) m “P2(F + )
= —25\di [e*P/Q(Fl - FQ)} ¥ (j + ;) 2;\6”/2(5 - F)

dFy, dF. 1\ 2\
e*P/Q(F1 — Fy) 4 e P/2 (1 _ 2>} T <j + 2) ?6*13/2(171 — F)

= —inZ

y
(y

E C 20Z 2+ E - dFy, dF C1) 2)
(mc+ O‘) Mhe€ (F1+F2))\(F1F2)2)\<12):;(j+>p(F1

he h P mec? — F dp dp 2
2z
mec? + E A
mec®? — E mec/h — E/hc
ZfRAL T
Za dFy  dF; 1
R — 2 (R Ry =L 22 Fi - F
p1+mec/ﬁ—E/hc( 1+ ) (dp dp)zF(J >( 1= ).

[6.10]



kg, [6.6] 12 [6.8][6.9] ZRALT,

E 207 2_F - 1\ 2
( e a) e (PP = 2)‘(1% {€7P/2(F1 + F2)]3F<j + 2) %eiP/Q(FH'Fz)

e h P mec? + F
5D,
< 2NZa A < < < (dFy  dF, 1
AN Fy — F Fy—Fy) = —\F,+ F QA42A [ — + —= — | (F1+ F:
(F1—F3)+ p mec/h—E/hc( 1—Ib) (Fr+Fo) 422+ A(dp + dp>:F(]+2>( 1+ Ib)
&ixn,
Za dFy,  dF; o1
F: ——(F1 — Fy) = — 4+ — — | (F] + F5). A1
p1+mec/h+E/hc(l 2) P(dp+dp):F<J+2>(1+ 2) [6.11]
(6.10][6.11] Z Wi L5l & LT
dFy FE Za« meC Zo 1
it R (P i A L )| E 12
= ) [ )] -
dFy mecC Zo o1 FE Za
— = — * — || F ——F 1
Pdp {h X (”2)] FThex o1
[6.12] Z Mgy L <
dFl d2F1 FE Z« dFl mecC Zao . 1 dF2
dp TP T TR ) d h 2)| dp

[6.13] ZfUAL T
B E Za\ dF; meC Zo o1 meC Zo o1 Fy
(o) g S 0| R 0]

meC ZQ o1 E Za
R — || ——=F:
)R

a0, [6.12] #RATIUE
(oo BZaydR (G 1\ (meeZa)®
TP T hex ) ap Ty h

B BZeldn (o))

)| Thepx [Pdp he %
E Za dF, C1)? 5| Fi
LT e % 1+pdp+ <J+2> (Za) P
L%
1 2
§ = <j+2> ~ (Za)? [6.14]
AT UL
d?Fy dFy (Za 72)
2 - (22 1 YR =o0. 6.15
7 P s p) ! 6.1

[6.13] 2o LT

B, | BBy [mecZa (o 1\]dR B ZadR,
dp P T h X VT2 g The x dp

11



[6.12] Z{AAL T

mec Lo o1 FE Za mec Lo 1 mec Lo 1 Fy
=|——4= - 1—- —— | F, — + - — — + — || =
SO ) e R e Gl [P = 043)) 5
EZOédFQ

he )\ dp
[6.13] Z AT UL,

_(1_EZo\[dR _EZapl (. 1\'_(mecZa\*| By EZadP
B he pA pdp he X2 7Ty h X p  he ) dp
dFy E Za o1y o | B
—p—= - ) —(z -2
Py w2t <y+2) (Za) P
L30T,
A% Fy dFy (ZaE 72)
— 24 (1-p) =2+ — - )R =0 6.16
R P s S 619
Fy Z[ﬂﬁi EBWT,
dFy e dFy  d*F, = L dFy d*Fy
= Fy+p7=2 =y(y =D 2F 4+ 29p7 2L 4
ap P 1+ PR Yy = 1)p" "+ 29p a0 +p 07
% [6.15] IcfRAT U
e dFy d*Fy s L dE ZaE ¥ _
-1 71F+2 ’)’7_;'_ ’Y+17+ 1— ’YlF+ v L + —~ 1= ’Y+1F
Yy =1)p" B W T (1=p) e v s S )
R . .
d2F dF ( ZaE)~
+{(142y)—p}— — (v+1 -5 ) B
i {1 +2v) —p} 5\ =5 )
Z D RO SV RKE T
ZaE
FL =Ap"F (’y+1 ng\ ,2'y+1;p) [6.17]
Lid, Fy=p'Fy 12 [6.16] WA T UL
d?F, dF, < ZaE) .
+{(142y)—p}== - (- =) B
e {1 +2v) —p} o\ )P
)
ZaF

AU AUEHE AR .
Fla,c;2) =14+ —z+---
c

L%BDT, [6.17][6.18] 25

FI:ApV[H(vH—ZaE) p +] F2=Bp”[1+<~y—Z“E) p +]

chX ) 2v+1 chX\ ) 2y +1

12



Lh%, SN [6.13) ITRA LT o) DR T iU

FE Za
mec Zo o1 E Za A YT R X
B’y:|: = i<]+>:|A+~B JoS = o o )\ :
B o) 2 he )\ B ”;;CZX +(j+3)
£,
FE Za
TRk < ZaoFE >
F = TF +1-— —,2v +1;

ZaoFE
Fy=p"F - — 27+ 1; .
2=p <’Y S B P)
% (B=1¢LTC, #rolitgitds). £/, UTT

ZaE +<_+1>
n= —— — -
S S G

BEFRT D, HERES TIPS 0122 6ERH S (p.84IcENTHB) DT

—1/2

272 2
E=m.,? |1+ a 5

{n=i=3+G+42- 2202}

[6.19)]

[6.20]

6.21]

[6.22]

n=17=1/2;m = 1/2 D [6.14] 25 v = V1= Z2a2, [6.7] 25 X = mecZa/h, [6.22] 2>5

E =vym.c? [6.19][6.20] 5 Fy =0, Fy,=p'F(0,2y+1;p) =p". [6.8][6.9] 2»5

Giripp =1+ e P2p7, Fip=—/1- ye=P2p7,

[6.23]

6.2][6.4] ICRRATZE 1, 2 ICBILTIE j=14+1/22561=0, 3, 4 KFICBHLTEj=1-1/2»6

1Go,1/2
— Y00

0
Vimippmerp =N | B f1y,

Fi1/2 2
eV B

/r2 sin 0|y|? drdfdg = N?/G2 + F2dr =1

RURBALSAE 1

T, [6.23] ZfRAT UL,

N2(1+’V) /Ooe—pPerdp_’_NQ(l_’y) /Ooe—pPQ"/dpzl
25 0 2y 0

D, BUHBDOER

5

[6.24]



[6.24] ISfRAL T —i 2

1Go,1/2
——Yop

1 Y2 mecZa\M? 0
. _ = — 3| — ¢ i
Vim1/2m=/z = (F(Qv—%l)) ( n ) Bz i

Fii/2 /2
*%\/;Yl,l

1 2mecZ o 3/2 v+1 1/2 2mecZ o 71 o mecZa 0
= —_—r xp [ — r 11—
VT I Ar(2y+1) h P h i cosf

i1 gin fet®

Za
n=1,j=1/2m=—-1/20k &, N IZHT3, 4 WY OFEDWLDT
Yi=1/2,m=—1/2
0
1 2mecZa 3/2 y+1 1/2 2me.clo vl mecZo 1
= —r exp [ — r Loy e po—id
VAar h 2(2y+ 1) h h i~ sinfe
_i% cosf
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BTE

ZfLIE

W(7.14) % =9p;, = 7090P5 + S A0V P = b — i P A Ay SRR RO i = 2
2. pT7° =1 py® + 2?21 Py TA0. AT 23y ERFREIC B D i = 1,3, BLEDS A0 = pTy0 L
ERBZ LT = 7190 BAT A (154)" =587 = —157°4" = 174190, o 09 BIEECRS ALY
50131,37C, C LOZBTRHELLT 2D530,2 DT Cpl = —pC

W(7.28)

Tp* = iv'v*(7°po — mp1 +77p2 — ¥°ps) = opoiv'y* + 7' priv'y® + 7 pain'y® + 4P psiv'y? = pT.

15



FoE

EEER  —EHRNET —

W(0.16) HBHETE Y _ 0T LT 590 p.50 0w OEAtE L HED 5, wip & w THEH L <k
BIIROC MR S UE S %
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g11=
Coulomb &EL

\\\\\

r=1%56
1
E +m.c? 0
S(ANwh(0) = | ———=— cp.
( )U) (O) 2mecg E—f—’r]‘)necz
c(pz~+ipy)
E+mec?
a6y
_ [E + mec? cp c(pz — ipy)
1 1 e z T y
A=/ —(1,0,— — .
w (O)S ( ) 2m602 ( s Yy E+m6027 E+m602
0

r=27%5
E oC2
S(AYw(0) = 4| e !
2mec c(pe—ipy) _ CPz
E+mec? E+mec?
a6y
_ _ E +mec? c(pz +ipy)  cp
2 1 e z Y id
0)S~1(A) = 0,1, — v :
@ (0)57(A) \/Z(” E +mec? " E + mec?

> r12(S(M)w(0))5 (@ (0)S™HA))y & (B,7) By &5 HAT51R

E+mec2 0 _ Pz _ pw_ipy
2mec? 2mec 2mec
O E+mec2 7pas+7fpy _ P
2mec? 2mec 2mec
_Pz Pz —"Py _p 1 0
2mec 2mec 2m E+mec?
Pz +ipy P 0 _p* 1
2mec 2mec 2m E4+mec?
Ehk b,
o EI p-o
p - fy pp. - c I p-o
% DT,
P+ mec meltBr _ po
€ — 2mec? 22mec
p-o mec - —FE :
2mec 2mec 2mc?
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2ODITHNFFBCEHEL S 2 B,

W(11.32) (7.6) & (7.10).
M(11.36) Griffiths ® p.250 8. % b —fticiE, [@(a)Cyu(d)|[@(d)Tau®)]* = [@(a)T1ulb)][a(d)Taulc)]
L5,

18



B12E
Compton BY#EL

H(12.6)
04,
BT ot

27:;:/5 ( ’L —1qx/h+ hEezqac/h)
V 0

= 1/ * sin(qz/h)

%OE2 = %sQ sin?(qz/h) = %sinz(qm/h).

DT,

B = 81;Aj6k€ijk &@T‘,

B> 1
% = ﬂ (ZfijkaiAjEk) : (Z 5lmnalAmen>

[}

ijk Ilmn

1
=5 Z €ijkE1mn0i AjO1 AmOkn
o ijklmn
1
=5 Z €ijkElmn0iA;01 A
Ko kim
1
== % (5il5jm - 5im6jl)aiAjalAm
ijlm
= 3 Z DA (9; A — 0, Ay)
hel g . he?
) | —— h - h
Z \/m W sm(qx/ ) L/m " sin(qz/h) — \/W h sm(qx/ )

L > y
= Ve sin?(qz/h) Z(Ejé‘quqi —&'e?qiq5)

ij

= sin®(qz/h e'elqiqi — '€ qiq;
it 0 S )
2
ﬁ sin?(qx/h) 2(5363%%‘ —e'e’qiqy).

ij

19



2T, Z]EJEJ::[, qugl‘:q1€1+...:0’ O:q”qu:qoqofq1q27... T DT,

—bln (qz/h) Zq, ——sm (qx/h)qo

2
E—Vsm (qx/h)(E) gsin (qz/h).

W(12.13)

/ dpfO 5(Pf2 - me2c2) = / dpfO 5(pf02 - |pf|2 - me2c2)
0 0

> Es2 c
= [ dprod(pro®——"L)=-—.
/0 pio (pfo C2> 2Ey

W(12.21) (11.19) OFHE & FAkIC (11.20)(11.21)(11.36) 25 .
W(12.30) FTR3THSE 1HDHHEDLS, ¢e=0%DT,

Tr((p, + me)¢'#d(p, + mec)d'#'¢] = = Trl(p, + mec)d'g# (p, + mec)d'#'¢].
(H.29) Zffi-> T,

= —2('q) Te((p, + meQ)(p, + mec)d'¢'¢) + Tr((p, + meo)dd' ¢ (p, + mec)d'#'¢]
= —2('q) Tr[(p, + mec)(—p, + mec)td' #'#] + Tr[(p, + mec)d(p, + mec)f' #4'¢'¢).

(p, + mec)(—p, +mec) = —(pi)* + (mec)®> = 0 % DT,

= Q(Eq’) TI‘[(pz + mec)g(pi + mec)¢’¢’¢] — Tr[(pZ —+ mec)g(pi + mec)¢/gl¢¢/¢]
= —2(gq) Tr[(pi + mec)g(pi + mec)é]
—2(e'q") Tr[(p, + mec)d(p, + me)gd'¢] + Tr[(p, + mec)d(p, + mee)d' ¢ ¢¢'¢)-
e =0%DT,
= —2(eq) Tr[(p, + mee) g (p, + mec)g] + Tr[(p, + mee)d(p, + mec)d'¢' ¢¢'¢]
= —2(eq) Tr[(p, + mec)gé (p, — mec)] + Tr[(p, + mec)d(p, + mec)d'¢'¢¢'¢).
p.160 EH 1 % 2 1,

= —2(eq') Tr[p,d¢p,] + 2(cq") (mee)® Trlgg) + Tr((p, + mee)d(p, + mee)d'#'¢¢'¢]
= —2(eq) Trlg¢p p,] + 2(¢') (mec)? Trldg] + Trl(p, + mee)d(p, + mec)d'#' ¢#'d]
= —2(eq')(mee)® Trlgg] + 2(eq") (mec)? Trdd] + Tr((p, + mec)d(p, + mec)d' ¢ ¢#'¢]
= Tr[(p, + mec)d(p, + mec)d' ¢ ##'¢).

RIZ 3ATHE 2 HDEHA,

Trlgd' ¢d(p, + mec)d'¢'¢]
= 2(c"q) Trlgg(p, + mec)d'¢'¢) — Tr[# dfd(p, + mec)d'¢'¢]
= 2(c'q) Trlg(p, + mec)d'¢'#4]

20



—2(e<’) Trl¢' ¢ g (p, + meo)y
+ Trl# g d(p, + mec)d'¢¢']
= —2(e'q) Tr[g(p, + mec)d'¢']
— 4(ee")(eq) Tr[¢'¢(p, + mec)d'] + 2(ee’) Trl¢' ¢4d(p, + mec)d']
+ Trlggd(p, +mee)d' ¢¢'¢']-

d4¢ =0, eq=0%DT,

2(e'q) Trlg(p, + mec)d'¢'] — Tr[gdd(p, + mec)d'¢]
2(¢'q) Tr(g(p, + mec)d'¢']

— 2(eq) Trlg(p, + mec)d'¢] + Trldgdé (p, + mec)d'¢]
= —2(¢'q) Tr[d(p, + mec)d'¢’]

= —2(¢q) Tr[ﬁpig’;i'] — 2mec(e'q) Tr[gg’;{']

= —2(c'q) Trldp,d'¢']-

3
3

B3I OWT D AR,

Trlg' ¢ ¢4(p, + mec)d'¢'¢]

= Tr[¢'¢4(p, + mec)d'¢' ¢4']

= 2(e'q") Tr[¢'¢4(p, + mec)dd'] — Trl¢'¢4(p, + mec)d' ¢'#4']

= —2(eq') Tr[¢'¢g(p, + mee)f'¢'] + Trl¢' ¢d(p, + mec)d'd'¢'¢]

= —4(eq")(€'q") Tr[¢'¢4(p, + mec)] + 2(eq) Tr[#'¢4(p, + mec)d'¢']
= 2(eq") Tr[¢g(p, + meo)f' ¢' ¢

= —2(eq') Tr[¢d(p, +mec)d']

= —2(eq’) Trl¢dp,4'].

MED5,

T&[pf+wnd3f¢m¢i+7naj¢¢¢]
Tr((p, + mec)d(p, + mec)d'¢'¢#'¢] — 2(c'a) Teldp o' ¢'] + 2(cd’) Trl¢gp ]
= 2(ce’) Tr((p, + mec)d(p, + mec)d ¢'¢] — Tr[(p, + mec)g(p, + mec)d'#'¢#'¢1]
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1 = 4[u(p1751)’7uv(p2752)v(p2732)7 u(p1, 51)]
4 +s1,+s| +55,47, (b1 +P5)

x [u(py, $1)70(Ds, 59)0(Py, S2)7" ulpy, 51)]*

LS ST [, )@, 5|5 5w, 5))]

1
E P —
4 (p1+72) 45, ,+s) +5,,+7)

x [0(Pg, 52)7" u(p1, s1)][@(p1, 51)7" v (Pa; 52)]

_1 1 Tr (?; +mec P, — mee, ) Tr (‘p@ —mec P+ mecy”)
4 (p1 +Po)* 2mee " 2mec Y 2m.c Imec
~ i(pl _:]32)4 16mle4c4 Tr (p'lfyuﬁ’zfyy> Tr (7527#?1,%)
~ i o +1 ) m;04 [P1. Py + P1Py — (PP [Po"P1” + P2 p1"* — (Dap1)n™”]
-3 (1 +1 p>)" m€1404 [(¥172) (Pop1) + (1) (PP
= %m:‘lc‘l (C084 g + sin* §> )

dz  h*a® [1+cos*$ ) cos* ¢ +cost & 4 sint 0
= —_ >< J—
dQll 8E?2 sin® g sin? g o8 2 St 2
2h*a? |1+ cos* g cos* 4 1+cosf\> (1 —cosf)>
T T8E? sint? 2% sin? ¢ + 2 2
2 2
_ h*a? [1+4cos  cos'§ N 1+ cos? 6
- 8E2 sin* g sin? g 2 )
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SXREIE —FD 1—

M(15.3) (11.7)(11.8) =fliH. ZM®D S 175iF

a(ps Sf)/ d'p if ih O/d4xe%(pf$k7p)x/d4ye%(p7pi)y 1
20 ] @yt p = meet i v

dp ih ArTh
-7 2mh)* 6t k—p)(2rh)§(E — E;) ———
105.51) [ ity e 2 s k=)@ 8~ E)
ih 4mh
=-u 027h 6(Ef + |klc — E)—u(pi, s;
u(pfvsf)¢p —&-%‘—mec—l—isfy T ( f+| ‘C )|q|2u(p S)
_ Py + K+ mec 47h?
=~ s Lt 2B +Ikle = B)prulpis ).
A
a(py, s / /d4meﬁ(pf —pa L ih ¢/d4y€%(p$k—pz)yu(p, s;)
® 27h)4 | ;p mec + ie o

47h 0 ih
|p f—p|27 P — mec+ic

_ (pf,Sf)/(2dh) 2thé(E; — E)

ih 4mh
, 2rhé(Er + |k iy Si
~a(py, 55)7"° PR J—— g2rh6(Ey + |kl — )|q|2U(p 5i)
_ o P~ F+mectic Amh?
= —iu(pyr, s 2rhd(Er + |k|c — w(pi, Si).
(f f)7 (p —k) me2c? + ¢ ( f ‘ | )|q‘2 ( )

(pi, 5i)

W(15.10) |1+ Fy(¢%)|? 13l L, Mo, TSHiEoWEeE, [ - - dk (B,

W(15.25)

/%O—y-VA()abd?’x: / CEE% (_UO.V 0.0V> A0 (i) P
— /de [pl(0- VA" )x — xT(o- VA%)y]

|2 u(pi; S’i)

¢(27T7L)4 S(pFk —pi)u(pi, si)

= 2:: /d%[@T(U'VAO)(U'ch)+(V<,0T-a‘)(omVAO)@]
= 2me /d3 (o- VAO)(O"VQD)_QDTO"V{(O'-VAO)@H.
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[-] DHEIE

¢l(0- VA% (- Vp)—plo- V{(o VA)p}
= ¢'[(VA?) - (V) +io - (VA) x (V)]

— ¢ [{(V? +io -V x V)A%Yp + {(Vy) - (VA?) +io - (V) x (VA%)}]
= —p1(V2A% ¢ + 2ipTo - (VAY) x (V)

Op

dA
— — (w240 2oto - -
e (VA )p +2ip'o (dr r)X(Vw)
_2 4ldd

:_T 2A0
e (VA )p R

o - Lo.
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16 =

Appendix C

Runge-Lenz-Pauli X7 k)L :

1
R=—(Lxp-pxL)+keZe?" 16.1]
2m r

OWEEFANZ L, 31, TAI—FHEICOVT,

(Lxp)t = Z(Lipjekgijk)T
ijk
= Z(PjLiekEijk)
ijk
= Z(piLjekEjik)
ijk
— (piljexciji)
ijk
=-—-pxL

0o,
R'=R. [16.2]
RIZ, "INV =TV H EAHTHBZ ER2RT,

Lxp= E Lipjereijk

ik

= E E T'mPn€mniP;j€kEijk
ijk mn

= E E 'mPnPjekEimnEijk
ijk mn

2

= § § rmpnpjek(sijk) (6jm6kn_6jn6km)

ijk mn

= Z(ijjpk —rkp;i”)er(cin)’,
ik

*1 https://adhara.hatenadiary.jp/entry/2016/04/14/141203 # KESEIC L1
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px L= ZpiLjeksijk

ijk
= Z Zpirmpnemnjekgijk
ijk mn
= Z Zpirmpneksnjmgijk
ijk mn
= Z Zpirmpnek(sijk)Q(éinékm — OimOkn)
ijk mn
= Zpi(rkpi - Tipk)ek(fijk)Q
ijk
no,
Lxp—pxL=>Y (rjpjpx —rkp;’ — epi” + pirivr)en(cijn)?
ijk
= (piripk + 150Dk + TrpEPr — TeDi — TeD;” — Trp>)en (i)
ijk
= Z(Tipipk + 15pipk + Trprpr — ihpy — Tip?)ex(ijr)?
ijk
= [(r-p)p — ihpx — rip®] exleijn)’. [16.3]
ijk
£-oT,
1 2 1
RH=|—(Lxp-—pxL)+kZzZe?", P kyze2~
2m r’2m r
1 koZe? rr koZe? 1
— _~ _[Lxp-pxL,p? P7ﬂ— Lxp-pxL,- 16.4
(%MJ xp—px Lp+——— |- 5 |LXP—PxL, - [16.4]
[16.4] O 1 EIX, [16.3] 25,
[Lxp—pxL,p’|=>_ [(r p)prp’] - [rp*,p*]] e [16.5]
ijk

L 203, BIZIL,
[r1,p1%] = ripip1 — pipary = 2ihpy,

[pi,pi] =0
s,

(- p)pk, P

= (rip1pe + r2papr + r3pspr) (P12 + p2° + ps®) — (017 + p2” + ps®) (rip1pk + ra2pspr + T3Pspr)
= [r1,p1°]p1pw + [r2, p2°1p2pk + [13, p3°]pspe

= 2ihp®pi

k&%. —Aﬁ’

[rep?, p*] = rep* — PPrip?
= rp* — (rep® — 2ihpy)p>
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DT, [16.5] IKfRALT,

KIZ, [16.4] 55 2 5%

2@)}

I
T
=t
(V)
S—
|
[N}
/‘\
I
R
<
v |
*EH‘
Lo
<
/—’H +
/_\
|
\
\_/
——
| S

e (55
_op2 [f_;;(r.a)_;;}
[16.4] %5 3IHIZ,
[L Xp—p X L,} —%(Ezgk)Q H(r~p)pk, ] —ih [pk, 1] - [mp 1” e,

1 1 1
= 22 H T P)Pk; ] —ih [pk, r] - [mﬁ T” ek [16.6]
L%, [16.6) D e, DIREDOH 1 Bk

1 1 1
o] = ot~ o pi
= B 0)0k + 7 (r- 0)0

1 h?
= —12(r-8)~0, + K(r- a):}g +—(r-0)d

2 1 2 rk h2
=—h Zri&-;(‘?k +h Zri@-r—g +—(r- )0k

r

2 1 2 5]” 37’i 2Tk h2
=—-h Zn‘ (r& )ak+h Z (’I“3 TkTT +h ﬁ(ra)+7(T8)8k

,EQ% Zna Ok + — Zw?a + — Zném

3r? h?
77121%2 :5 +h2:—§(r~8)+—(r~3)8k

r
h2 2 27’k 23Tk 2Tk 2
=——(r-0)0+ —0+h"—= —h r—3+h T—S( 8)4—7(1" )0
Tk k
= 20 =+ — O + WP = (r- D),



[16.6] D ey, DIRBDH 2 HHIZ,
{ 1] 11
Pk, —| =Pk— — — Pk
T T r
11
= —ih <3k — ak)
T r
1 1
— —ih (ak - ak>
r r r

LTk
= ZFL*S,
r

[16.6] D ey, DIFRKLDLE 3 IHIZ,

LXp_pr,}:22{_2h27§+53k+h2”;( 8)+ 12 122k (1 )| ey
k
2n2z[8’“”§( a)’g]ek
P T T
_QhQ[f’;( );;}
L7, [16.4] 520 L 5 3 HOMIE 0. DL LSS,
[R,H| = 0. [16.7]

Kz, fyifiE)E L & Runge-Lenz-Pauli X7 bV R OAHARIR, [L;, R;] Z#XK 5. ZOHfiE LT, ¥
TIAES RO IR Z KD D, L =, caomrep 225,

[Li; L]] = Z Eiklejnm(rkplrmpn - Tmpnxkpl)

klmn
= E (Eik:lgjmn - Eimngjkl)Tkplepn
klmn
= E (Eiki€jmn — Eimn€jkt)Tk (TmP1 — théim) Pn
klmn
= —ih E (€iki€jmn — EimnEjkl)OlmTkPn + E (€iki€jmn — EimnEjkl)TkTmPIPn
klmn klmn
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= —ih E (gikmgjmn - Eimnsjkm)rkpn + § (sikl{':jmnrkrmplpn - 5ikl5jmnrmrkpnpl)

kmn kimn
= —ih Z(&ijmﬂ“jpi — Eimj€jimTiDj)
=ih Z(fijm)Q(Tipj —TDi)
=ih > eijiLi. [16.8]
2
I 5lz, fAEEE L EEIEICOWT,
[Li,p;] = Lipj — p;jLi

= Z ikl (TRPIP; — PjTRDL)
ol

=Y ei(rp; — piri)pi
1
=ih Y £ijkpk- [16.9]
k
Flo, ROTHRIRH R L THL
T T
03] S ]
|: ) r ZE kl |TkDP1, r
kl
= —ih Zeikl {T’kala Q}
kl r
= —ih%:fikl (Tkal% - %Tkal)
. 5lj T5T1 Tj Tj
—Zh%:eikl l:Tk (T e + rk781 — 77‘k61
. Tk . TiTET]
= —ih ;Eikléle + Zh; Eikl JTS

. Tk . TiTi+1Ti42 . T§Ti+2Ti41
= —ih E Cikj - F il i1 2= g e g2 i1 T 5
k

. T
=ih Ek s,»jk%. 16.10]
M EoX%MH 212,

[Lia (L X p)j] = Z Ejmn [Lh men]

= Z Ejm"(Lime” - menLi)
= Z 5j7rm[(LmLi + ihsikak)pn - Lm(Lipn - ihfinkpk)]
kmn

=ih Z (Ejmngikakpn + Ejmnginkmek)

kmn

=1ih Z (Ejmngikakpn + Ejnmgikanpk)
kmn

=1ih Z 5jmn5imk(Lkpn - ank)
kmn
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=1h Z €jimi€imj (Ljpi - Lipj)
= —zhz emyji)2(Ljpi — Lip;)

= mzeijk (L X p). [16.11]
k

GikE
[Lz7 PXL ZE]’I’TL’IL iy Pm n]

= Zgjmn ipm n mean)

mn

= Z E‘:jmn[(mei + ihf‘:imlpk)Ln - pm(LiLn + ZhEnszkﬂ

mnk

ih Z (EjmngimkpkLn - 5jmn€nikmek)

mnk

ih § (5j7rm5imkpkLn - 5jnm5mikank)

mnk

ih Z Ejmn€imk (pkLn - ank>

mnk

ih Z €jmi€imj(pjLi — piLj)

= —ih > (emji)*(pjLi — piL;)
k
X -C, [16.10][16.11][16.12] 75,

1 1 T
[Li, Rj] = [Lu %(L X p)j— %(P x L); + k0Z€2j]

.
1 1 r;
= 5L (L x p)j] = 5 [Lis (p X L] + ko Ze? [L - }
_mzs”k [ (L xp)x—5—(px L e + ko Ze? }
= mz eijk R [16.13]
k

R ¢t R DA% [Ri,Rj] ZiR 5,
(Lxp—pxL),(Lxp—px L)

Z Eikl (Lkpl - pkLl)’ Z Ejnm (men - anLn)
kl mn

=Y leiwtjmn(Lipr = prL) (Lanpn — DmLn) = €k jmn(LmPn — PmLn) (Lipr — pi L))

klmn

- Z (giklgjmn - 5imn5jkl)(Lkpl - pkLl)(men - men)
klmn

= Z (Eiklajmn - Eimngjkl)(Lkplepn — Lipipm Lo — prLyLimpn + pkLlmen)
klmn
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= Z (€iki€jmn — EimnEjkl) (plLk + ihZEMsPs> (anm + ihzfmmpt> (. [16.9])
s t

klmn

- Z (5ikl5jmn - 5imn5jkl) (plLk +h foklsps) men
s

klmn

- § (aiklgjmn - eimngjkl)pkLl (anm +ih E €mntpt>
klmn t

+ E (Eiklgjmn - Eimngjkl)pk:Llmen
klmn

= E (giklf':jmn - simnsjkl)plLkanm +th E (5ikl5jmn - Z':2'771715':‘77@[)5klspspn-[/m
klmn klmns

. 2

+ih § (5ikl5jmn - Eimnajkl)amnspll/kps - h § (Eiklgjmn - 5imn€jkl)€kls€mntpspt

klmns klmnst

- E (giklgjmn - Ei'mnﬁjkrl)plLlcpszn —ih § (giklgjmn - €imn5jkl)5klspsmen
klmn klmns

- E (€iki€jmn — Eimn€jkt)PkLipnLm — ih E (Eiki€jmn — EimnEjkl)EmnsPkLiDs
klmn klmns

+ § (5ikl€jmn - 5imn5jkl)pkLlmen
klmn

& D, B%?{ﬁﬂ:?%‘%ﬂf:ﬁ@ 1 IEETZ & k&()\m En %:)\ﬂﬁi (aiklsj'ﬁyn/ = Eilk€jnm tﬁ&&:/ﬂf%), 2
HHTI L k2 ANEZ, 3HHTm & n 2 AR 2 &,

- i il = % jmn — €imn&j mLin
(Lxp—px L), (Lxp—pxL)]=4Y (cine; EimnE ikl )Pk Lipm L

klmn

+ih Z (5iklf‘:jmn - Eimngjkl)gklsps(pnl/m - men)
klmns

+ th Z (siklgjmn - 5imn€jkl)€mns(pll/k - pkLl)ps
klmns

2 2 :
—h (giklgjmn - €imn€jkl)€kls€mntpspt

klmnst

VFSN D, HIAE 2HHT (CipiEimn — EimnEijkl)PmLn DT m & n 2 ANFEZ L, —(Cikicjmn —
simngjkl)anm L 5D,

[(L Xp—pX L)Zv (L Xp—pX L)J] =4 Z (5ikl<€jmn - Eimnejkl)pkLlmen

klmn
+ 2th E (Eiklgjmn - €imn€jkl)€klspsanm
klmns
+ 2ih E (Eiki€jmn — EimnEjkl)EmnsPiLrDs
klmns
2
—h § (5iklsjmn - Eimnsjkl)sklsgmntpspt [1614]
klmnst

[16.15)]
[16.14] D5 2HIZ DWW,

2ih Z (Eiklsjmn - 5imn5jkl)5klspsanm = 2ih Z (giklfjmngklipipn[/m - simngjklskljpjanm)

klmns klmn
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= 4ih Z(€jmnpianm - 5imnpjanm)

mn

= 4Zfl£pj(p X L)l —pi(p X L)j]
512, F2IHEICOWTHEERIC,

2ih E (5ikl<€jmn - 5imn5jkl)5mnsplLkps = 2ih E (siklejmnsmnjpl[/kpj - 5imn5jkl5mniplLkpi)

klmns klmn

= 4ih Y (mpiLap; — €jrapiLip:)
ki

= 4277,[([) X L)jpi — (p X L)ng]
22T, ROBFRRICFEETS .
[pi, (p x L); Zs]mnm,pm n)

= Z Ejmn (pzmen - menpl)

= Z Ejmn lpmpiL7z — Pm <pan + ih Z&u‘kPk)]

mn k

= —ih Z EjmnEnikPmPk

mnk
= —th ZEjinEnijpin
n
=ih > (gjin)’pi;-
n
k5T, [16.14] OF 278 & 4 3R
2ih Z (Eiklgjmn - Ei’mngj}’cl)Ek:lspspn[/m + 2ih Z (eik:lgjmn - Eimnfjkl)‘fmnsplLk:ps

klmns kimns

= 4ih[p;(p x L); — pi(p x L);] + 4ik[(p x L);p; — (p x L)ip;]
= 4ihp;, (p x L)) — 4ih[p;, (p x L);]
=0.

I 512, [16.14] DEATHIZOWT,

§ (Eik:lgjmn - Eimngjkl)Eklsgmntpspt = § (Eiklgjmngklsgmntpspt - Eimngjklgklsgmntpspt)

klmnst klmnst

Z (5ikl€jmn5kl55mntp5pt - Eiklgjmngmntsklsptps)
kimnst

=0.
Pl 5, [16.14] D 320X 0 4D,

(Lxp—pxL);,(Lxp—pxL)]=4 Z (€iki€jmn — EimnEjkt )Pk LiDm L.

klmn
22T, e zkl_gl]léJk+61k] i 2T D (DT Ic OV THFER. ¢ BIHRTFICE EFNTwIUL, 20t
DT HE JICEZT, bdbldbokXFE s %2ED). ZOEHY, RRAEEZI LV LZMERLTBIY)
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o l=k=jDW ey =eijdjr +eirjdj =0

o l=k=#j DK iy = eijdjn + €ikjdj =0

o 1 =4,k #jDW e = eijidji + €injdj = Einj

o 1#jk=17 DI e =eiibjn + €injdj = €iji

o l#k#JDW eiidjk+einid=0. i=77T, (k) =(i+1,i+2),(i+2,1+1) DFIZ, gy D3I
FLRDD, ciniCimn — EimnEipt = 0%BDT, L THRFEHOSNSHERIEZFEL 0 2D THEZ G,

Do Z t2EE 2T, Rz onsX22Hmy 2L,

(Lxp—pxL),(Lxp—px L) [16.16]
=4 Z (Eiklejmn - Eimnsjkl)pkLlmen
klmn

=4 Z [(Eijl6jk + Eikj6jl)(5jin6im + Ejmifsz‘n) — (Eijn(sj‘m + Eimjéjn)(f;‘jiléik + Ejki(sil)]pk [16.17]

klmn
X (mel + ZTLZQmsPs) L,
s

=4 E (€i51€§in0ik0im + €iji€jmi0jk0in + €ikj€jin0;10im + €ikj€jmidji0in
klmn

- Eijnsjil(;jm(sik - 5ijn5jki5jm5il - €imj€jil5jn5ik - Eimjf‘:jki(;jndil)

X (pkmean +ih Z €lmspkpsLn> [1618]

S

[16.18] D& 1 E13,

4 E (€i51€5in0k0im + €ij1€jmi0jk0in + Eikj€jin010im + €ikj€jmid;10in
klmn

— €ijn€jil0jmOik — €ijn€jkiOimOil — Eimj€5il0indik — Eimj€jkiOin0il)PkPm LiLln

=4 Z(€ijm)2(—PjpiLm2 + pmPi L Li + pmpi Ly Ly — pm” L L

+piijm2 - pmijiLm - pimeij +pm2LiLj)
=4 Z(Eijm)zpm(pi [Lj, Lin] + pj[Ln, Li] + pm[Li, Lj])

= 4ih Z(Eljm)me (pz Z EjmsLs + Dj Z 5misLs + Pm Z Eist5> ( [168})
m S S S
=4ih > €ijmPm(PiLi + piL; + pmLm)- [16.19]
m
[16.18] % 2 I,
4 Z (€ij1€jin0jk0im + €iji€jmi0;k0in + €ikj€jin0;10im + Eiki€jmidji0in
klmn

- 5ijn5jil5jm5ik - €ijn€jki5jm5z‘l - Eimj€jil5jn5ik: - Eimj€jki5jn5il)ih Z ElmsPkPsLn
S
= 4ih Z €ij1€jin€lisPjDs Ln + 4ih Z €ij1€ jmi€lmsDjPsLi [16.20]

kls Ilms

+ 4ih Z €ikj€jin€jisPkPsLn + 4ih Z E€ikj€jmi€jmsDePsLi

kns kms
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— 4ih Z €ijn€jil€ljsPiPsLn — 4ih Z €ijn€jki€ijsPkPsLm [16.21]

Ins kns
— 4ih E gzmjgﬂlslmspzpn — 4ih E el'rnjejkzemnspkps[/
lms kms

= 4ih Z(_EijmijLm +0 = €ijmPm>Lin — €ijmPmPiLi — €ijmPi® Lin — €ijmPm>Lim — 0 — €ijmpmpiL;)

= —4ih Y ijm[pm(piLli + piL;) + (0 + p;° + 2pm”) L. [16.22]
m

k5T, [16.18][16.19][16.22] %5,

(Lxp—pxL),(Lxp—pxL);| = —4ihp? ngm - [16.23]

[(L Xp—px L), } Z&kz [ Lipr — prLi), }
= Zfikl [(Lkpl +piLi), 7}

= 225“@1 [szk, ] +ZﬁZEzkl€kls {ps» *} [16.24]

kls

[16.24] 55 1 HIZ
r
Z&?ikl {plLk, 7]} [16.25]
kl "
r
= Z Eikl€kmn [plrmpna 7]}
r

klmn

Tj 7’]‘
= E Eikl€kmn plrmpn7 - 7plrmpn

klmn

= —Tl2 Z Eikl€kmn (6[7“,—,16717 - —alrm8n>

klmn

[ T Onj 14T 7§
= _h2 Z Eiki€kmn |O1Tm <jan =+ = n) - Jalrman]
L T r

klmn

K& 815 mr Oni 14T T
= *h2 Z Eikl€kmn Jalrman + (] - ?)J) 871 + 8lrm < o LR - ialrman
s T T T

r 73
kilmn
thQZE.g @fw r 8, + O %77"]-7““
ikl€kmn r 7"3 mUn 1Tm r 7“3
kimn -
. o mr Tl
=—ih Y e <7‘] r3j> Ly —ih EikE kPl 571] +ih Y EikiErmn O~
kl klmn klmn
. Ly 1 ) r
— —zh;zziij + zhr—;(L X 1) — zh;&:ikl ZEkaPZTm' [16.26]
m

BRROREILT, Y, €omnTmrn = (r x 1), =027, [16.24] 5 2 HIZ,

ihzaikﬁkls [ps7 %} = —h? Zelklgklé ( 57 N 76 )

kls kls
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2 Osj _ TiTs
=—h E EiklEkls < - =3
T r

kls
S e
= 2 )2 (2 T
P (4 22)
2 51']' 7"7;7']‘
=t (- [16.27)

X5, [16.24][16.26][16.27] 55,
_ o
(Lxp pr)l,r}
0; T
:—2ZFLZEW +21Tz (Lxr —22%%:61kl;6km]p5+2h2<r _r?’J>
ERCY
T Ti
[(Lprpr)ui}+[(L><pfpr)j,ﬂ

= —thZEZkJ + ZZBZEW + 22h (L X T); — 21h (L X T);

— QZFLZQM Z&km]pl - + QZFLZ&km Zﬁkl]pm

1
= 4th€”k 2zh sri(L xr); —ri(L x7)] - 2ih25ikl€kmj (pirm —pmrl);. [16.28]
klm

[16.28] D 2 T X

SR x 2); =B x )] = 5 S (el E x )y = 7L x )]
l

1
=3 Zgijl['r X (L X 'I”)]l
"
1
= 5 culr x (r’p—(r-p)r))
1
1
=N e,
"

[16.28] D& 3 FilZ,

1 1
;&kz&kmj(pﬂ‘m —PmT) = Xk:(%k)Z(pﬂ“i —Piry)
9 1
== Z(gijk) (ripj — iji);
k
1
= — ZgijkLk;
k
1
=—— Z&'jkLk
"%
L5 50T, [16.28] 14,
(pr—pr),;,:j} [(pr pxL); —} _4ths,Jk [16.29]
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PLED 6, [16.23] & [16.29] Zfl 21X,

1
[Ri, Rj] = [Qm(L xp—pxL);+koZe*—

RO,

= am?

m

2m

i

1

r’2m

(Lxp—pxL); —&—k:oZezTJ}
T

(Lxp—pxL),(Lxp—pxL),
]C()Z@Q

H(LXp—pr)i,%} + [(LXp—pr)jv%H

2 2
. D . k‘oZe
_th Ek 5ijkLk + 2ih m Ek

m

2ih

= Eijk (
k

p*
2m

ZakHLk
k

1
kOZe2T) Ly

Ly

1] r

fiHE) & L & Runge-Lenz-Pauli X7 FV R OWNEEZHN5, [16.3] 725

L. (Lxp—pxUL)

ijklmn

lmn

§ ElmnT1Pm en‘| '

> [(r - p)pr — ihpr — rep?ler (i)

ijk

Z SknEimn (€ijk)*Tipm (v - D)DK — ihpy — T1:D%]

ijklm

> eimn(€ije) ripm (v - p)pk — ihpr — r4p”)

= (ein)?Iripieiz + ripiynl[(r - p)px — ifipy, — rip’]
ijk

= Z(é‘ijk)B(ﬁPj —7pi)[(r - P)pi — ihpy, — r4D’]
ijk

=2 eiurap;[(r - p)p — ihp — D]

ijk

=2 Z Ti[Pig1 (T - P)Pi—1 — Pi—1(T - P)Piy1] — 2ih Z Ti(Pit1Pi—1 — Pi—1Dit1)

=2 Z ri[pis1(r - p)pi—1 — pic1 (v - P)pis1] — 2ih Z(Tmf1pi+1p2 — FiTig1pio1P’)

(2

—2ih Y ri(pigario1 — pi-1rig1)p’

K2

K2

K2

?

=2 [ripiparspsPi1 — TiDi-1TsPsPis1] — 2ih Y _(riri1pi1p® = rioaripii1p”)

s

3

=2 Z[Ti(TsPiH — ih0s,i+1)psPi—1 — Ti(Tspi—1 — 1hds i—1)Pspi+1]

15

= —2h Z[Hfss,iﬂpspifl — 7i0s,i—1DsPi+1]

5

= —2ih Z[n-piﬂpiq — TiDi—1Pi+1)

=0.

3
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[16.30]

[16.31]

16.32]

[16.33]



[16.11][16.12] 75
[Li, (L x p)i] = [Li, (p x L);] =0

DT, [16.33] LbET

(Lxp—pxL)-L=0. [16.34]

r T
L - — = : il i

T
= g Eijkéilrjpk?
ijkl

1
= E €ijk7’z’7"jpk;

ijk

ih
= 7"72 E EijkTiT Tk

ijk

R OH 2L TIE

th
=3 2 Tilrisarioy = riaTiva)
%

=0. [16.35]

r T

— . L = — 1. . .

. < e T) (5 ijkez>
l ijk

]
= E Sijkéli?rjpk
ijkl
T‘i’f‘j
= E Eijk Pk
— T
ijk
o Z Th+1Tk—1 — Tk—1Tk+1
r

351,

Pk
k

—0. [16.36]
[16.33][16.35] 25
[16.34][16.36] &
R-L=0.
B#ic, R?%Z3HE T35, FFE=&EBICOWT:

A - (BxC)= ZAi(&'jkBjCk)

ijk

= (erijAiB;)Ch
ijk

—(Ax B)-C. [16.37]
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[16.9] 15

L 5DT,

[16.37][16.38] ° 5,

[16.9][16.37] 725

(pxL)-

(px L) = ZEijk:Pij
ik

= eijk |Lrpj — ihZEkﬂpll
ik l

= E EijkLkpj_ihE EijkEkLDI
jk gkl

== einjLap; +ih Y ijreijnp
jk jkl
=—(Lxp)i+ihy (eijx)’pi
ik
= —(L x p); + 2ihp;

pxL=—L xp+ 2ihp.

p-(pxL)=(pxp)-L
=0.

p- (L xp)=p-(—px L+ 2ihp)
= 2ihp?.

(px L)

Zeijkpiljjek <Z <£:lmnpleen>

ijk lmn

> ijkEmnOinpiLipiLm

ijklmn

= Z €ijkElmkPiLip1Lm
ijklm

= Z(5iz5jm — 0im9;1)PiLipiLm
ijlm

= Z(piLjpiLj —piLjp;L;)
ij

=> pi (piLj + ihzfjikpk> Li = pi(L-p)L;
i K i

=> pi (piLj - ihzfikjpk> L =Y pil(r xp)-p]
i K i

= p2L2 + ihzgikjpipklfj - Zpi['r (p x p)

ijk i
=p’L* +ih Y cir;piprL;

ijk
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[16.38]

[16.39]

[16.40]



=p?’L? +ih(pxp)-L
— p’L2. [16.41]

[16.38][16.39][16.40][16.41] 22 &

(px L) (Lxp)=(pxL) (—px L+ 2ihp)

= —p’L? +2ih(px L) -p

= —p?L* + 2ihp - (L x p)

= —p’L? — 41n°p?, [16.42]
(Lxp) - (pxL)=(—pxL+2ihp) (px L)

= —p’L* +2ihp - (p x L)

= —p’L?, [16.43)
(L xp)-(Lxp)=(—pxL+2ihp)-(—p x L+ 2ihp)

= p?L? — 2ih(p x L) - p — 2ihp - (p x L) — 4h*p?

= p?’L? — 2ihp - (L x p) — 4h*p?

= p?L>. [16.44]

¥ 7,
L% = ijzkripjeksijki + %L

. 1 1
= 7271257;3‘]67"1‘6168]'; + ;L
ijk

ih 1
= F} E EijkTiTj€L + ;L
ijk
ih 1
=2 (Pl 1Th—1 — Th—1Tkt1)€K + ;L

L%2%DT,

=-L2% [16.45]

[16.37][16.38][16.45] %> 5

(pr)-;:L-(pxr)% [16.46]
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1
= L% [16.47]
,

r r
(pr)-; :(—pr+2ihp)~;
1 1
=L°- 4 2ihp - r—

r T

1 1
= ;LQ + 2ih(r - p — 3ih)=

= 3

o
T

6h>
— +

1
=-L*+ — +2R°r -V~
T T

:
[~}
+
|
+
!

[16.48]

: [16.49)]

<

[
\

\
5
S
X
B
+
3

=

I
\
!
=
X
3
~
+
3
i

- My [16.50]
[16.42][16.41][16.43][16.44] 25

(Lxp—pxL)>’=(Lxp) (Lxp)—(Lxp)-(pxL)—(pxL)-(Lxp)—(pxL)-(pxL)
= 4p° L* + 4R*p°. [16.51]
[16.47)[16.48][16.49][16.50] %> &

r r r r 4 42
L - L)-—+--(L - L)=—-L*- —. 16.52
(L x p) . (px L) e g (L x p) " (px L) " . [16.52]

[16.51][16.52] ° &

R2 [16.53]

:ﬁ(pr—pr)?ijOZ'e2 (Lxp>~£—(pr)-§+§-(szo)—%-(pr)} + (koZe?)?

_ % (21?; _ W) (L2 + 72) + (koZe?)?

= ZH(E? + 1) + (ko 26’ [16.54]
MFoh D,
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